Abstract. In this paper, we prove that for a fibration f : X → Z from a smooth projective 3-fold to a smooth projective curve, over an algebraically closed field k with chark = p > 5, if the geometric generic fiber X η is smooth, then subadditivity of Kodaira dimensions holds, i.e. κ(X) ≥ κ(X η ) + κ(Z).
Introduction
Throughout this paper, a fibration means a projective morphism f : X → Y between varieties such that the natural morphism O Y → f * O X is an isomorphism.
The Kodaira dimension is one of the most important birational invariants and plays a key role in the birational classification of algebraic varieties. For a fibration, we have the following conjecture on Kodaira dimensions, which was proposed by Iitaka in characteristic zero. Conjecture 1.1 (C n,m ). Let f : X → Z be a fibration between smooth projective varieties of dimension n and m respectively over an algebraically closed field k with chark = p ≥ 0 , whose geometric generic fiber X η is integral and smooth. Then κ(X) ≥ κ(X η ) + κ(Z).
In characteristic zero, many results related to this conjecture are known [6, 11, 12, 14, 22, 23, 27, 28, 29, 31, 32, 34, 41, 42] . In particular, this conjecture was reduced to problems in the minimal model program by Kawamata [29, Corollary 1.2] .
In positive characteristic, Conjecture 1.1 has been proved in some cases recently. Chen and Zhang showed C n,n−1 [15, Theorem 1.2] . Under the assumption that p > 5, C 3,1 was shown when k = F p by Birkar, Chen and Zhang [9, Theorem 1.2] , when X η is of general type [19, Theorem 1.5 ] (see also [45, Appendix 7] ), and when the genus of Z is at least two by Zhang [45, Corollary 1.9] . Furthermore, when f has singular geometric generic fiber, its dualizing sheaf, denoted by ω X η (the same notation with canonical sheaf because they coincide with each other when X η is smooth), was considered by [37] and [45] , and under some special situations, an analogous inequality κ(X) ≥ κ(X η , ω X η ) + κ(Z) was proved.
The aim of this paper is to prove the theorem below.
Theorem 1.2. Conjecture C 3,m holds when chark = p > 5.
The proof relies on the minimal model program for varieties of dimension at most three in characteristic p > 5 developed by several mathematicians including Birkar, Cascini, Hacon, Tanaka, Waldron and Xu. The case when κ(X η ) = 2 has been
Preliminaries
In this section, we recall some basic results which will be used in the proof.
2.1. Minimal models of 3-folds. Existence of (log) minimal models of 3-folds in positive characteristic p > 5 was first proved for canonical singularities by Hacon and Xu [24] , and in general by Birkar [7] (see [44] for the lc case). The result on Mori fiber spaces was proved for terminal singularities by Cascini, Tanaka and Xu [13] , and in general by Birkar and Waldron [8] . We collect some results in the following theorem, which will be used in our proof.
Theorem 2.1. Assume that the base field k has characteristic p > 5. Let f : X → Z be a contraction from a normal 3-fold, and let ∆ be an effective Q-Cartier Q-divisor on X.
(1) If either (X, ∆) is klt and K X + ∆ is pseudo-effective over Z, or (X, ∆) is lc and K X + ∆ has a weak Zariski decomposition 1 , then (X, ∆) has a log minimal model over Z.
(2) If (X, ∆) is a dlt pair and Z is a smooth projective curve with g(Z) ≥ 1, then every step of LMMP in [7, starting from (X, ∆) is over Z.
Proof. For (1) please refer to [7 For (2) , since (X, ∆) is dlt, every K X +∆-extremal ray is a generated by a rational curve by cone theorem [8, Theorem 1.1], which is contracted by f since g(Z) ≥ 1. So for an extremal contraction X →X, if there is a divisorial contraction or a flip σ : X X + as in [7, , there exist natural morphismf :X → Z and f + : X + → Z fitting into the following commutative diagram
Note that (X + , ∆ + = σ * ∆) is a dlt pair. We can show this assertion by induction. 
As a corollary we get the following useful result.
Lemma 2.4. Assume that the base field k has characteristic p > 5. Let (X, ∆) be a normal, Q-factorial, lc 3-fold (not necessarily projective). Let C be a projective lc center of (X, ∆) andC be the normalization of C. If (K X + ∆)|C is numerically trivial, then (K X + ∆)|C is Q-trivial.
Proof. By [7, Lemma 6 .5], we can take a crepant partial resolution µ :
where D is a reduced irreducible divisor dominant over C and (X ′ , D + ∆ ′ ) is dlt. Then considering the restriction of the relation ♣ on D, by the adjunction formula [30, 5.3] , we have 
|C is numerically trivial. We can conclude that (K X + ∆)|C is Q-trivial by Lemma 2.3.
2.4.
Vector bundles on elliptic curves. In this subsection, we recall some facts about vector bundles on elliptic curves, which are used in the proof of Theorem 3.2.
Theorem 2.5. Let C be an elliptic curve, and let E C (r, d) be the set of isomorphism classes of indecomposable vector bundles of rank r and of degree d.
(1) ([2, Theorem 5])For each r > 0, there exists a unique element E r,0 of E C (r, 0) with
, where ⌊r⌋ denotes the round down of r. . Let E be a vector bundle on a smooth projective curve C. If F e C * E ∼ = E for some e > 0, then there exists anétale morphism π :
Proposition 2.7. Let E be a vector bundle on an elliptic curve C. Then there exists a finite morphism π : C ′ → C from an elliptic curve C ′ such that π * E is a direct sum of line bundles.
Proof. We may assume that for every finite morphism ϕ : B → C from an elliptic curve B, ϕ * E is indecomposable. Set d := deg E and r := rankE. We show that r = 1. Let Q ∈ C be a closed point. Replacing E by ((r C ) * E)(−dQ), we may assume that d = 0. Here r C : C → C is the morphism given by multiplication by r. Hence Theorems 2.5 and 2.6 imply that when the Hasse invariant of C is nonzero (resp. zero), there exists anétale morphism π : C ′ → C (resp. an e > 0) such that π * E (resp. F e C * E) is a direct sum of line bundles. This implies that r = 1.
2.5. Weak positivity. The following positivity result will be used in the proof of the case when the geometric generic fiber has Kodaira dimension one.
Theorem 2.8. Assume that chark = p > 5. Let f : X → Z be a fibration from a smooth projective 3-fold to a smooth projective curve. Suppose that the geometric generic fiber X η has at most rational double points as singularities. If κ(X η , K X η ) = 1, then there exists a real number c > 0 such that f * ω m X/Z contains a nef subbundle of rank at least cm for sufficiently divisible m > 0.
Before proving Theorem 2.8, we recall some results.
Theorem 2.9 ([15, 3.2]).
Let f : X → Z be a surjective morphism between smooth projective varieties, over an algebraically closed field of positive characteristic, whose geometric generic fiber is a smooth elliptic curve. Then κ(X, K X/Z ) ≥ 0.
The following lemma will be frequently used.
Furthermore, if f is flat and Z is Q-factorial, then we can take X ′ = X and
The next lemma is a consequence of Tanaka's vanishing theorem for surfaces [39] .
Lemma 2.11. Let g : Y → Z be a generically smooth surjective morphism from a smooth projective surface to a smooth projective curve. Let H be a nef and
is ample for a closed point z ∈ Z where z is seen as a divisor on Z. Note that ν(H) ≥ 1 and H + g * (A − K Z − z) is nef and big. Denote by Y z the fiber of g over z. By [39, Theorem 2.6] we see that
for l ≫ 0. Thus for a closed point z ∈ Z, by the long exact sequence arising from taking cohomology of the exact sequence below 
is surjective. This implies that the homomorphism ([19, Section 2])
is generically surjective. Thus for every e > 0, F 
, and hence W η has at most canonical singularities. In particular, replacing X with a minimal model, with the loss of smoothness we may assume that K X/Z is f -nef.
Then by [38, Theorem 1.2], K X η is semi-ample, and since p > 5, the geometric generic fiber of the Iitaka fibration I η : X η → C η is a smooth elliptic curve over k(η) by [4, Theorem 7.18] . For the generic fiber X η and sufficiently divisible positive integer n, since
, we see that the Iitaka fibration I η : X η → C η coincides with the Iitaka fibration I η : X η → C η tensoring with k(η). Thus the the geometric generic fiber of I η is a smooth elliptic curve.
Considering the relative Iitaka fibration of f : X → Z, whose geometric generic fiber is a smooth elliptic curve, we get a birational morphism u : X ′ → X, a fibration g : Y → Z with Y smooth, and an elliptic fibration h : X ′ → Y fitting into the following commutative diagram:
Note that the geometric generic fiber C η of g : Y → Z is normal, and hence smooth. By Lemma 2.10, we may assume that u 
Replacing l if necessary, we may assume that the first homomorphism is generically surjective. By Lemma 2.11, g * O Y (K Y /Z +lH) is nef, and hence so is g * O Y (m(K Y /Z + lH)). This completes the proof.
3. The case κ(X η ) = 0
In this section, we prove Theorem 1.2 in the case when the Kodaira dimension of the geometric generic fiber is equal to zero. It is proved as a consequence of Theorems 3.1 and 3.2.
Theorem 3.1 ( [20] ). Let f : X → Z be a surjective morphism from a normal projective variety X over an algebraically closed field of characteristic p > 0 to a smooth projective variety Z, and let ∆ be an effective Q-divisor on X such that a∆ is integral for some a > 0 not divisible by p. Assume that (X η , ∆ η ) is F -pure, where η is the geometric generic point of Z. Proof. By Theorem 3.1, we have deg L ≥ 0. We may assume that deg L = 0, and it suffices to show that L ∼ Q 0. Since (K X + ∆) η ∼ Q 0, there is an ample Cartier divisor A on X such that l(K X + ∆) η + A η is ample and free for every l ∈ aZ. Recall that 0 < a ∈ Z \ pZ and a∆ is integral. By Fujita's vanishing theorem, there exist some m 0 > 0 such that for every nef Cartier divisor N on X η , O X η ((m 0 − 1)A η + N) is 0-regular with respect to l(K X + ∆) η + A η for every l ∈ aZ. Then the natural homomorphism
is surjective for every l, l ′ ∈ aZ and m, m ′ ≥ m 0 . Thus
is also surjective, and hence the natural homomorphism
is generically surjective, where 
is surjective for every e > 0 with a|(p e − 1) and for every nef Cartier divisor N on X η . Since l(K X + ∆) η is nef,
is generically surjective. Let b > 0 be an integer such that a|b, that bL is integral and that b(K X + ∆) is linearly equivalent to bf * L. By Proposition 2.7, there exists a finite morphism π : Z ′ → Z from an elliptic curve Z ′ such that π * G(r, m 0 ) is a direct sum of line bundles for each 0 ≤ r < b with a|r. By Lemma 2.3, we may replace L and G(r, m 0 ) respectively by its pullback by π. Set Then for every M i ∈ T , there exists an 0 ≤ s < b with a|s such that the composition
is generically surjective for every e > 0 with a|(p e − 1). Here q i,e and r i,e are integers satisfying 1 + s − p e = −q i,e b + r i,e and 0 ≤ r i,e < b. Then there exist a line bundle M which is a direct summand of G(s, m 0 ) p e −1 ⊗ G(r i,e , m 0 ) and a non-zero morphism M → M p e i (q i,e bL). By considering the degree of the line bundles, we see that M p e i (q i,e bL) ∼ = M ∈ T p e , where 
Since M p e j (q j,e bL) ∈ T p e , we have N (q j,e bL) ∈ T n . Hence for every m ≥ q := max{q 1,e , . . . , q λ,e },
Since T n is a finite set, there are integers m > m ′ > 0 such that N (mbL) ∼ = N (m ′ bL), and hence (m − m ′ )bL ∼ 0.
Proof of Theorem 1.2: the case κ(X η ) = 0. As in the proof of Theorem 2.8, we may assume that X is minimal over Z and K X η is semi-ample, thus K X η ∼ Q 0. By Lemma 2.10, K X is Q-linearly equivalent to the pullback of
. By Lemma 3.1, we see that L is nef. Note that since X η has at most rational double points as singularities, X η is Gorenstein and p > 5, X η is F -pure by [3, Section 3] and [21] . When Z is of general type, by Theorem 3.1,
And when Z is an elliptic curve, by Theorem 3.2, we have κ(Z, K Z + L) ≥ κ(Z). This completes the proof.
4. The case κ(X η ) = 1
In this section, we consider the case when the Kodaira dimension of the geometric generic fiber is one.
Proof of Theorem 1.2: the case κ(X η ) = 1. Let f : X → Z be a surjective morphism from a smooth projective 3-fold to a smooth projective curve of genus at least one, and let η be the geometric generic point of Z. Suppose that κ(X η ) = 1. With the loss of smoothness, by Theorem 2.1 (2) we may assume that X is a minimal model. Then X η has canonical singularities by the proof of Theorem 2.8. So from now on, we assume g(Z) = 1. Then ω X = ω X/Z . We break the proof into several steps.
Step 1: By considering the relative Iitaka fibration and applying Lemma 2.10, we get the following commutative diagram
where Y is a smooth projective surface, and h is fibration with geometric fiber being a smooth elliptic curve by the proof of Theorem 2.8, such that σ
If D is big, then we are done. From now on, we assume the numerical dimension ν(K X ) = ν(D) = 1. Then we claim that Claim. If X has a fibration f ′ : X → W to a normal projective curve W such that K F ′ is numerically trivial, where F ′ denotes the generic fiber of f ′ . Assume moreover that there exist L ∈ Pic 0 (Z) and an integer m > 0 such that
Proof of the claim. Take an effective divisor
By Lemma 2.10 we can assume D L ∼ Q f ′ * A where A is a divisor on W , which is ample since D L = 0. So we only need to show that L ∼ Q 0.
Since X has at most terminal singularities, it is smooth in codimension one, so F ′ is a regular surface over the function filed
On the other hand, F ′ is dominant over the curve Z ⊗ k K(W ), passing to the algebraic closure of K(W ) and applying Lemma 2.3, we show that L is torsion.
Step 2: By Theorem 2.8, there exists c > 0 such that for sufficiently divisible
X contains a nef sub-bundle V of rank r m 1 ≥ cm 1 . If deg V > 0, then we are done by some standard arguments ([9, Propostion 5.1]). So we assume that deg V = 0, thus by Proposition 2.7 there exists a flat base change between two elliptic curves π :
. Let X 1 be the normalization of X × Z Z 1 . Then we get the following commutative diagram
where π 1 and f 1 denote the natural projections. We have that π * f * ω
by [25, Proposition 9.3] , thus
. Applying Theorem 2.2, we can find a sufficiently divisible integer l > 0 such that
′ to a normal curve W , which is defined by the base point free linear system |µ
| has no base point, hence defines such a fibration f ′ : X → W as in Claim of Step 1. So K X is semi-ample, and this completes the proof in this case.
From now on, we can assume
And by construction, we can assume π *
In the following, we only need to show that at least two of L i are torsion.
Step 3: For every j, we have unique effective divisor B j ∼ mK X −f * L j . Let B ′ be the reduced divisor supported on the union of components of j B j . Take a smooth log resolution µ :X → X of the pair (X, B ′ ). Denote byf :X → Z the natural morphism. LetB be the reduced divisor supported on the union components of j µ * B j . Consider the dlt pair (X,B). Since X has terminal singularities, there exists an effective µ-exceptional divisor E onX such that
So KX +B ∼ Q µ * K X + E +B has a weak Zariski decomposition. By Theorem 2.1 (2), (X,B) has a minimal model (X,B) which is dlt, and there exists a natural morphismf :X → Z. By the construction, we have the following:
(1) Note that B j | Xη is contained in finitely many fibers of the Iitaka fibration Iη : Xη → Cη, which implies that κ(Xη, (KX +B)| Xη ) = 1. Since the restriction (KX + B)|Xη is semi-ample by [38, Theorem 1.2] , it induces an elliptic fibration onXη by construction. So applying Lemma 2.10 again, we get the following commutative diagramX
whereŶ is a smooth projective surface andĥ is an elliptic fibration such that, σ * (KX +B) ∼ Qĥ * D whereD is a nef andĝ-big divisor onŶ . (2)We claim that ν(KX +B) = ν(D) = 1. Indeed, otherwise,D will be big. Note that the divisor µ * j B j −B is effective and µ * j B j ∼ µ * nmK X − jf * L j . Then applying Theorem 2.2 we can get a contradiction as follows
(3) For sufficiently divisible M and every 1 ≤ i ≤ n, we get an effective Cartier divisorΓ
Denote by ν :X X the natural birational map. LetΓ i = ν * Γi . Then
Since E is contained in finitely many fibers off , ν * E is contracted byf . So if a component ofΓ i is dominant over Z then it is contained inB. Step 4: Take two reduced, irreducible and dominant over Z componentsĈ 1 ,Ĉ 2 ofĜ 1 ,Ĝ 2 respectively. ThenĈ 1 ,Ĉ 2 are contained inB by the construction ofΓ i in Step 3 (3). Since (X,B) is dlt andB is a reduced integral divisor, soĈ 1 ,Ĉ 2 are log canonical centers of (X,B). By Step 3 (4), sinceD is nef andD ·D i = 0, soD|D Finally by conditions a 11 > a 21 and a 12 < a 22 , we conclude that L 1 ∼ Q L 2 ∼ Q 0, and this completes the proof.
